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A method of applying the extended Hiickel molecular orbital method for the evaluation of crystal field
parameters in the rare earth compounds is presented. The charge distribution in the crystal field and
the effect of the outer coordinated sphere on the calculation of the crystal field parameters is dis-

cussed. From the calculated charge distribution,

the crystal field parameters Ax(r?), Au(r?), Aeu(r®),

and Ae(ré) of praseodymium ethyl sulfate crystal and praseodymium trichloride crystal have been
obtained. The calculated results are in agreement with the experimental data. Some possible sources of

the error in the calculation are discussed.

Introduction

The crystal field parameterization has
been very successful in fitting rare earth ion
spectra. For example, a four-parameter fit
of 72 levels in Er:LaCL; has been made
with a root mean square deviation of only
3.8 cm! for the intralevel splitting (I).
Such an impressive result with a symmetry-
based empirical scheme has led to many at-
tempts to calculate the crystal field parame-
ters. A point charge approximation was
used for the first calculations with poor
results (2). Newman and co-workers have
made ab initio calculations on PrCl; and ob-
tained good results for two of the four pa-
rameters (3). They found that the cova-
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lency and exchange contributions, among
others, outweighed the point charge com-
ponent (4).

Urland used an Angular Overlap Model
approach in which the angular overlap pa-
rameters were determined from three of the
crystal field parameters. The fourth crystal
field parameter was then computed from
the other three (5).

We now describe another approach to
the computation of the crystal field parame-
ters. This method involves an electrostatic
model in which the charge distribution is
determined by a semiempirical quantum
chemical technique, the extended Hiickel
molecular orbital (EHMO) method (6). In
addition to the EHMO parameters that
have been validated in other calculations
(7), a single free parameter, AR, is used to
fit the four crystal field parameters. Al-
though only the charges in the ML, skele-
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ton are used directly in the electrostatic cal-
culation of the crystal field parameters, the
effect of other atoms on the inner sphere
charges is included in the EHMO treat-
ment.

The charge distribution p;(R;) plays a
central role in evaluating the crystal param-
eters since it is used to calculate the crystal
field parameters A,(r?), Au{r®), Aelrt),
and A¢(rS), for two different crystals, pra-
seodymium ethyl sulfate (Pr(C,Hs;SO,); -
9H,0) and praseodymium trichloride
(PrCls). The calculated results are found to
be in agreement with the experimental data.

Formulation of the Crystal Field
Parameters

In the parameterization scheme of the
rare earth crystal field no specific assump-
tion is made about the nature of the crystal
fields, and therefore the procedure holds
equally well for more and less ionic crys-
tals. The two main assumptions in the
scheme are: (i) the crystal field acts inde-
pendently and equally on all of the 4f elec-
trons, and (ii) the radial distribution func-
tion of the 4f electrons is the same for all
terms (8). The success of the parameteriza-
tion scheme shows that these approxima-
tions are justified for the 4f electrons, and
we retain the assumptions. In an electro-
static approach an accurate charge distribu-
tion field is most important for the calcula-
tion of the crystal field parameters, whether
the bonding is ionic or covalent. Therefore,
the emphasis in our calculation is placed on
the calculation of the charge distribution in
the crystal field.

When a rare earth ion (RE*?) is placed in
a crystal field, it is surrounded by the co-
ordinated atoms or molecules. The cen-
tral rare earth ion and the coordinated
atoms or molecules about it form a cluster
that possesses a certain symmetry. For
example, in a praseodymium ethyl sulfate
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(Pr(C,HsS0,); - 9H,0) crystal, each Pr*3
ion is surrounded by nine water molecules.
The site symmetry of Pr*3 is Cj,, but we
have assumed that the symmetry of the
Pr(H,0)s cluster is D5, , for the sake of com-
paring the calculated results with the exper-
imental data.

In the crystal field of the cluster, the po-
tential at ; due to the jth coordinated atom
or molecule is

Vi(r) = — f PJ(R)

M

where p;(R;) is the charge distribution func-
tion of the jth coordinated atom.

Because of the additive property of the
potential, the total potential at r; due to all
the coordinated atoms is

vy =-3 [ 2R 4
j=1 Tij
where n is the number of the coordinated
atoms or molecules.
If we take the position of the central rare
earth ion as the coordinate origin and ex-

press the r;; term by the von Neumann ex-
pansion, we obtain
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Each of the sevenfold degenerate 4f
wavefunctions in the free ion can be repre-
sented as ¥ = R(r)Y;.(0, ¢). In the crystal
field, the angular parts of each wavefunc-
tion, Y.(8, ¢), will be symmetry-adapted
linear combinations of Y;,,(#, ¢). The radial
part of all the wavefunctions, R(r), is the
same. Thus, each one-electron wavefunc-
tion can be represented as ¥, = R(r) X
Y0, ¢).

If the central rare earth ion has ny4f elec-
trons, the crystal field interaction energy

n w k
E. = nszzl /; q;k
<R(r1)|b£q|R(ri))( Y.(6;, b))
|Ca:, $I|Ye(6:, &)).  (7)

Thus, the crystal field parameters By, can
be represented as

Bu=n 3 [ )

k
[ RIRAIR() 57 V(@ B
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We let ro = r;, r~ = R; where r; < R;.
These are reasonable for the 4f electrons
since the 4f electrons are deeply imbedded
in the interior of the rare earth ion and are
shielded by two closed electronic shells
with larger radial expansions (552, 5p®) (9).

By, can then be evaluated from

pi(R;)
le;+l

By, = —nfg1 Ch-o(8;, ) " O

where nyis the number of 4f electrons of the
central rare earth ion, and

. 4 12

Yio(®, ) (10)
() = f R*r)r'R(rydr.  (11)

The p;(R;) is often treated to be the
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charge density of the jth coordinated atom:.
Obviously, this is too simplistic. According
to molecular orbital theory, in a molecule,
all the valence electrons belong to the
whole molecule system, not to a.certain
atom, because, when forming the molecule,
all the electrons are rearranged, and the
electron distribution in the molecule is de-
termined by the occupied molecular orbit-
als. So, unlike the conventional concept,
we shall regard p;(R;) as the charge density
distribution of the whole system, not as the
charge density distribution of the coordi-
nated atoms.

The EHMO method was used to obtain
the coefficients of the molecular orbitals of
the cluster, composed of the central rare
earth ion and the coordinated atoms about
it. The density matrix of the system was
then calculated. The element p,,, of the den-
sity matrix is

g

Pw =2 2, CixCu (12)
where n, is the number of the occupied mo-
lecular orbitals of the system and C,; and
C,« are the coefficients of the uth and vth
components of the kth occupied molecular
orbital, respectively. The element S;; of the
overlap integral matrix of the system is

Sij = (i | ;) (13)

where ¢; and ¢; are the ith and jth atomic
orbital wavefunctions, respectively.

The charge distribution, p;(R;), is ap-
proximated by a discrete collection of point
charges:

an=2pPi+t2 2 pySi  (14)
ieA ,'l:z,'
i,jeA
and
gas =2 2, piiSji (15)
icA

JjeB

where g, is the charge on an atom and gz
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is the overlap between atoms. The crystal
field parameters, By,, are then evaluated
from Eq. (9).

In performing the calculation, we made
the following approximations:

(1) The charge at each coordinated atom
da is the net charge at the atom. This takes
into account the interaction between the
charge of the atomic core of the coordi-
nated atom and the 4f electrons in the cen-
tral rare earth ion. Also, R; (the distance
between the center of the charge distribu-
tion and the central rare earth ion) is equal
to AR - R/ (R{ is the distance between the
coordinated atom and the central rare earth
ion). The factor AR, which is always less
than 1.0, is discussed below. The introduc-
tion of the empirical parameter serves to
include polarization effects.

(2) If p;(R)) refers to the charge distribu-
tion between two coordinated atoms, g4p is
centered at the midpoint between A and B.

(3) If p;(R)) is the charge density at the
central rare earth atom or between the cen-
tral rare earth ion and the coordinated
atom, it is omitted in calculating the crystal
field parameters. Because quantum chemi-
cal calculations show that the valence elec-
trons between the rare earth ion and the
coordinated atom, for example, between Pr
and O, are mainly from the 6s and 5d elec-
trons of the rare earth atom, especially the
valence electrons at the central rare earth
atom are just the 6s and 5p electrons. The
interactions between the 6s and 5d elec-
trons and the 4f electrons have already
been included in the energy of the free rare
earth atom and it is not necessary to count
such interactions again. However, the in-
teraction between the ‘‘6s and 5d°° elec-
trons in the molecule and the 4f electrons of
the central rare earth atom must be differ-
ent from the interaction between the 6s and
5d electrons and the 4f electrons in the free
rare earth atom.

Calculations indicate that the coordi-
nated atoms in the outer coordination
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sphere are so far from the central rare earth
atom that direct interactions between the
charge distributions at these atoms and the
4f electrons of the central rare earth atom
are very small. However, the coordinated
atoms can affect the charge distribution of
the atoms in the inner coordination sphere.
Therefore, only the charge distributions in
the PrCly and PrOy clusters were included
in the calculation of the crystal field param-
eters, but the outer coordination sphere is
included in the EHMO procedure.

D3, symmetry was assumed for the
Pr(H,0)y and PrCly cluster and there are
only four crystal field parameters: Byy, By,
Bg, and Be. The corresponding C%,(0;,
®;) are

. 4 12
Ci®;, %) = -1 (755 17)
Y(8;, ®)
=33 cos?® — 1)
. 4 172
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= 12631 sin®@; cos®®;. (16)

The relationships between the By, and the
Ag(r¥) crystal field parameters are (8)
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By =2 - Ax(r?)

Ba = 8 - Ag(r®)

Bgy = 16 - Agy(r®)
16

= 6). 17
B66 \/'23—1A66<r> ( )

Parameters and Selection of the System

In quantum chemical calculations, the
valence orbitals are 6s and 5d orbitals for
the rare earth atom; 2s and 2p orbitals for
the oxygen atoms; 1s orbital for the hydro-
gen atom; and 3s and 3p orbitals for the
chlorine atoms. The atomic parameters
(Slater exponents and valence state ioniza-
tion energy) used in the calculation are
from Ren et al. (7). The crystallographic
geometry (10) was used in the calculation of
the praseodymium ethyl sulfate crystal field
parameters. In order to compare our calcu-
lated results with other calculations, we
adopted the geometry Ellis and Newman
used in their calculation for the praseody-
mium trichloride crystal (3). Ellis and New-
man did not include the distances between
the central praseodymium atom and the
praseodymium atoms outside the inner co-
ordinated sphere in the praseodymium
trichloride crystal and these data are from
Zachariasen (11).

In EHMO quantum chemical calcula-
tions, the Wolfsberg—Helmholtz parameter
K is an adjustable parameter and varies
with the bond type. Generally, it is between
1.0 and 2.0. The K values used were 1.75
for H-X bonds (X = any atoms); 1.68 for
O-0 bonds; 1.50 for O-Pr bonds; 1.23 for
Cl-CI bonds; 1.25 for CI-Pr and Pr-Pr
bonds.

In our calculation, the factor AR was ad-
Jjusted to give the best fit. For the praseody-
mium ethyl sulfate crystal, AR = 0.85; for
the praseodymium trichloride crystal, AR
= (0.95. The values of (#*) are from Freeman
and Watson (9). For the Pr™3 ion, the values
are
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(r) = 1.086 au
r*y = 2.822an
(r% = 15.726 au.

In previous calculations of the crystal
field parameters, the treated system was re-
garded as a cluster which was composed of
only the central rare earth atom and the
nearest-neighbor coordinated atoms. The
neglect of contributions from the atoms in
the outer coordination sphere is question-
able. If the treatment is limited to the clus-
ters PrOy or PrCly only, the environment
about the central rare earth ion is included,
and the environments about the coordi-
nated atoms are ignored. If the rare earth
compounds are ionic compounds this ap-
proach might not cause very large errors,
because in ionic crystals each atom can be
regarded as a positive or negative point
charge. But in covalent compounds, the sit-
uation is more complicated. Bonding in rare
earth compounds is not purely ionic.

There are several nearest-neighbor pra-
seodymium atoms about each chlorine
atom in the praseodymium trichloride crys-
tal (/2) and each chlorine atom bonds not
only with the central praseodymium atom
in the PrCly cluster, but also with the other
praseodymium atoms outside the PrCly
cluster. In the praseodymium ethyl sulfate
crystal there are the nine nearest-neighbor
oxygen atoms about each praseodymium
atom and each oxygen atom is surrounded
by hydrogen atoms, other oxygen atoms,
and the central praseodymium atom.

According to molecular orbital theory,
the charge distribution at each atom is
strongly affected by its environment. Al-
though the direct interaction between the
atoms outside the cluster (PrCly or PrOg)
and the central praseodymium atom in the
cluster may not be very important for eval-
uating the crystal field parameters, the in-
teraction between these atoms and the co-
ordinated atoms (the chlorine atom or the
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oxygen atom) inside the cluster (PrCly or
PrO,) must affect the charge distribution at
these coordinated atoms. In turn, these
charge distributions must affect the interac-
tion between these coordinated atoms and
the central praseodymium atom, and the
calculation of the crystal field parameters.

It is not practical to treat the entire crys-
tal system. In practice, we can only treat a
very small part of the whole crystal, for ex-
ample, a cell or a larger cluster. We have
selected the cluster which includes the at-
oms of the outer coordinated sphere. For
the praseodymium ethyl sulfate crystal this
cluster is Pr(H;0)s, and for praseodymium
trichloride crystal, the cluster is PrCly - 8Pr.

Results and Discussion

Our calculated results are listed in Table
I. For comparison, other calculated results
and the experimental data are also listed.

The results show that the calculated
Axn(r?) and Ag(r®) are in good agreement
with the experimental data. The deviations
between the calculated and the experimen-
tal Agu(r!) or Ag(r®) are slightly larger. Al-
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though some approximations were made,
the calculated results are satisfactory.

The AR factor requires some comment.
In rare earth compounds, e.g., rare earth
oxides, the RE-O bond is partially cova-
lent. In the Pr(H,0)y cluster, the environ-
ment about each oxygen atom does not
have spherical symmetry, since each oxy-
gen atom is surrounded by two hydrogen
atoms, two oxygen atoms, and the rare
earth atom. The RE-O bond is partially co-
valent, and the extra electrons in the oxy-
gen atom are mainly from the rare earth
atom. The center of the charge distribution
at each oxygen atom will be shifted toward
the central rare earth atom, and is not at the
center of the oxygen atom. Therefore, the
distance between the center of the charge
distribution at each oxygen atom and the
central rare earth atom is reduced from R/
to R; = AR - R/.

AR should differ in each system. It de-
pends not only on the covalency of the
chemical bond between the central rare
earth atom and the coordinated atom, but
also on the symmetry of the environment
about the coordinated atom. We anticipate
that the higher the symmetry of the envi-

TABLE I

THE CRYSTAL FIELD PARAMETERS OF PRASEODYMIUM ETHYL SULFATE AND
PRASEODYMIUM TRICHLORIDE

Crystal field parameter

Compound Axlr?) Alr)  Ap(r®)  Aelr®)
Pr(C,HSO,); - 9H,0 Experimental data, Hiifner (13) 23.0 -80 —44 695.0
Calculated results 37.1 -99.7 —-20.4 574.7
PrCl, Experimental data
Judd (14) 49.5 -39.7 -39.2 386.7
Margolis (15) 47.26 —40.58 —39.62 405.4
Calculated results
Hutchings and Ray (2) 560 (168) -—35.4 - 3.07 369
Ellis and Newman (3) 170 (48) —40 (=37) —26 315
Newman (4) 22 -44 - —-41 536
This paper 49.9 -67.0 —14.5 367.5
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ronment about the coordinated atom, the
larger is the value of AR. The weaker the
covalency of chemical bond between the
central rare earth ion and the coordinated
atom, the larger the value of AR. In the
calculation, AR is a fitting parameter. AR is
0.85 for the praseodymium ethyl sulfate
crystal, and 0.95 for the praseodymium
trichloride crystal. These results are in con-
cordance with the above-mentioned expec-
tation. In the first place, the Pr—ClI bond is
more ionic than the Pr—O band. Further-
more, the crystal structures show that the
symmetry of the environment about the
chorine atom in the praseodymium trichlo-
ride crystal is higher than that of the envi-
ronment about the oxygen atom in the pra-
seodymium ethyl sulfate crystal.

It has been noted that the errors of the
calculated A 4(r*) and A4(r%) are larger than
for the other two parameters in both pra-
seodymium trichloride and praseodymium
ethyl sulfate. The calculated A ({r*) are al-
ways smaller and the calculated Ag(r6) are
always larger than the experimental values.
There must be some systematic errors in
the calculation. One source of error is the
assumption that the overlap charge distri-
butions are positioned at the midpoints of
the connecting lines between each pair of
coordinated atoms. This assumption is
questionable. For example, in the PrCly -
8Pr or Pr(H,0)s cluster, three coplanar co-
ordinated atoms (three oxygen atoms or
three chlorine atoms) form an equilateral
triangle. However, the maximum overlap
between the valence orbitals (2Px, 2Py or
3Px, 3Py) of two atoms of these coplanar
atoms may not be along the side of an equi-
lateral triangle. Also, for bonds between
two different atoms, the center of charge
distribution is shifted toward the more elec-
tronegative atoms; although AR corrects
for this to some extent, a single parameter
is apparently inadequate for fitting all of the
crystal field parameters.

Newman has discussed various contribu-
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tions to the crystal field parameters (4). The
most important contributions to A(r?) are
from the ligand point charges, remaining
charges, dipolar and quadrupolar polariza-
tion, and ligand-lanthanide exchange
charge. The important contributions to
Ae(r® are from charge penetration, cova-
lency, and overlap as well as exchange. The
calculated results show that the agreement
between the calculated and the experimen-
tal A,o(r2) or Ag(r%) is the most satisfactory.
We believe that this implies that most of
these important interactions mentioned
above have been included in the treatment.

In the EHMO method, some of the im-
portant interactions, for example, cova-
lency and overlap static, are included and
the calculated charge distributions include
the effects of these interactions. This may
be the reason why the calculated A(r?) and
Ae(r®) are very close to the experimental
data.

Newman has shown that the contribution
of the exchange interaction to the Ag(r6) is
positive (4). If the exchange interaction is
neglected, the value of Ag(r® will be de-
creased. On the contrary, the contribution
of the ligand-lanthanide exchange interac-
tion to the A,(r?) is negative. If the interac-
tion is neglected, it will make the value of
Ax(r?) increase. Because we have ne-
glected the exchange interaction in the
quantum chemical calculation, the calcu-
lated A,o(r?) is always larger than the exper-
imental data, and the calculated Ag(r®) is
always smaller than the experimental data.
We have done the calculations for other
rare earth compounds with the same
results.

Conclusion

We have applied the EHMO quantum
chemical calculation to calculate the charge
distributions in the crystal fieids of the rare
earth compounds, and have evaluated the
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crystal field parameters Ax(r?), Auu(r®),
Ag(r®), and Ag(rS) of the praseodymium
ethyl sulfate crystal and the praseodymium
trichloride crystal. The calculated results
are in reasonable agreement with the exper-
imental data and show that, except for the
exchange interaction, most of the important
interactions in the crystal field of the rare
earths have been included in our calcula-
tion.

An accurate charge distribution, p;(R)), is
very important for evaluating the crystal
field parameters. The p;(R;) in the formula-
tion of the crystal field parameters is not the
charge distribution of the directly coordi-
nated atoms only but is the charge distribu-
tion of the molecular system in the crystal
field.

The effect of the atoms of the outer coor-
dination sphere on the calculation of the
crystal field parameters has been included
in our calculation. A fitting parameter, AR,
has been introduced into the calculation.
This parameter, which is less than unity, is
a crude measure of the extent of covalency
in the rare earth-ligand bonds. The sensi-
tivity of the calculated crystal field parame-
ters to AR is appreciable and the sensitivity
of different crystal field parameters to AR is
somewhat different.
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